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This article considers the thermoelastic stability of bimetallic shallow shells of revolution. Basic equations are derived
from Reissner’s non-linear theory of shells by assuming that deformations and rotations are small and that materials are
linear elastic. The equations are further specialized for the case of a closed spherical cup. For this case the perturbated
initial state is considered and it is shown that only in the cases when the cup edge is free or simply supported buckling
under heating is possible. Further the perturbated ﬂat state is considered and the critical temperature for buckling is cal-
culated for the case of free and simply supported edges. The temperature–deﬂection diagrams are calculated by the use of
the collocation method for shallow spherical, conical and cubic shells.
 2006 Elsevier Ltd. All rights reserved.
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The theoretical consideration of the behavior of shallow spherical bimetallic shells begins with the works of
Panev (1947) and Wittrick (1953). The latter considered closed spherical bimetallic shells with a free edge. He
derived general equations of the problem and from the ﬂat state condition he calculated the critical temper-
ature for buckling by using the series method after reducing the governing equation. He also used the series
method of solution of governing equation for constructing temperature–deﬂection diagrams. In his calculation
he assumed that both materials have the same value of Poisson’s ratio. Later Aggarwala and Saibel (1970)
considered the simply supported bimetallic shallow spherical shells. They used a numerical method of solution
for Panev–Wittrick’s equations and they found that the minimum initial height for possible buckling is –
unlike for the free edge – strongly dependent on the properties of the materials. In their calculations they
assumed that Poisson’s ratio for both materials has the same value and that h21E1 ¼ h22E2. Among other works
which inﬂuenced the present article is the work of Ren-Huai (1983). He considered the free shallow bimetallic0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.04.032
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Nomenclature
B, C, D, P stiﬀness quantities deﬁned by (14)1,2,3,4
C1, C2 integration constants
cE, ch, ca elastic moduli ratio, thickness ratio and coeﬃcients of thermal expansion ratio deﬁned by
(65)1,2,3
E(1), E(2)Young’s moduli of the materials
Fr, Fz radial and axial stress resultants per unit of undeformed length deﬁned by (7)
H0, H overall height of undeformed and deformed shell
h(1), h(2), h thicknesses of the materials, overall shell thickness
M/, Mu meridional and circumferential bending stress couples per unit of undeformed length
N/, Nu meridional and circumferential membrane stress resultants per unit of undeformed length
Q transverse shear stress resultant per unit of undeformed length
R, R0 sphere radius, shell outer radius
(r,u,z), (r+,u,z+) cylindrical coordinates of reference surface of undeformed and deformed shell
u radial displacement
w axial displacement
zi (i = 1, . . . , 6) the components of the state-space vector deﬁned by deﬁned by (59)
a(1), a(2), a coeﬃcients of thermal expansion, reduced coeﬃcient of thermal expansion deﬁned by (14)7
b rotation of tangent
c non-dimensional parameters deﬁned by (32)2
e/, eu strain in meridional and circumferential direction deﬁned by (3)
/, /+ tangent angle of the meridians of the reference surface before and after deformation
j/, ju bending strain measures in meridional and circumferential direction deﬁned by (4)
m(1), m(2), m, mD Poisson’s ratios of the materials, reduced Poisson’s ratios deﬁned by (14)5,6
# temperature diﬀerence from reference stress free state
s non-dimensional parameters deﬁned by (32)3
x non-dimensional parameters deﬁned by (32)1
w Airry’s stress function
f0 ratio between shell overall height and thickness deﬁned by (65)4
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shell. He used the analytical successive approximation method of solution for Panev–Wittrick’s equations
and again the same value of Poisson’s ratio for both layers are assumed.
The purpose of this article is twofold. First, because there seems to be some inconsistency in Wittrick’s der-
ivation of general equations of the problem (Wittrick, 1953), all necessary general equations of the problem
are derived from Reissner’s general non-linear rotational shells theory and all necessary constitutive equations
are derived from the Kirchhoﬀ–Love assumptions. Next, the bimetallic shallow spherical shell is considered in
detail. Three kinds of boundary conditions, free, simple and ﬁxed, are discussed and some results obtained by
other authors are compared. In contrast to other authors, both the perturbated shell ﬂat state and perturbated
initial state are considered. Also, in contrast to other authors, all perturbated equations are solved in closed
forms in terms of special functions. In the last section of the article the collocation method for constructing a
temperature–deﬂection diagram that seems to be superior to the numerical methods proposed by Aggarwala
and Saibel (1970) and the successive approximation method purposed by Ren-Huai (1983) is discussed.
2. Basic equations
Consider a thin shallow elastic shell of revolution composed of two homogeneous and isotropic materials
subject to uniform heating from one reference temperature. The thicknesses of the materials are h(1) and h(2),
Young’s moduli are E(1) and E(2), Poisson’s ratios are m(1) and m(2), and the coeﬃcients of thermal expansion are
Fig. 1. The geometry of bimetallic shell.
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reference surface of a shell at reference temperature is given by the parametric equations r ¼ r^ðsÞ and z ¼ z^ðsÞ,
where s is the arc length of the meridians. The associated tangent angle of the meridians of the reference sur-
face before deformation / is deﬁned by equationsdr
ds
¼ cos/; dz
ds
¼ sin/ ð1Þ2.1. General equations
For the description of deformed state of a shell the non-linear equations of Reissner’s theory will be fol-
lowed (Reissner, 1989) where the shear deformation angle and the drilling stress couple will be neglected. If
the parametric equations of the reference surface of the deformed shell are r+ = r + u and z+ = z + w, where
u and w are radial and axial displacement and the associated tangent angle of the meridians of the reference
surface in the deformed state is /+ = / + b, thendu
ds
¼ ð1þ esÞ cosð/þ bÞ  cos/; dw
ds
¼ ð1þ esÞ sinð/þ bÞ  sin/ ð2ÞThe strain in meridional and circumferential direction are deﬁned byes  ds
þ  ds
ds
; eu  ur ð3Þand the bending strain measures in meridional and circumferential direction are deﬁned byjs  db
ds
; ju  sinð/þ bÞ  sin/r ð4ÞNote that when eu is known radial displacement is given by u = reu. From (1) to (3), the following strain com-
patibility equation can be derived:dðreuÞ
ds
¼ ð1þ esÞ cosð/þ bÞ  cos/ ð5ÞIf there is no surface load and the shell is subject to a temperature ﬁeld only, then the three equilibrium equa-
tions of the problem aredðrF zÞ
ds
¼ 0; dðrF rÞ
ds
 Nu ¼ 0
dðrMsÞ
ds
Mu cosð/þ bÞ  rð1þ e/ÞF r sinð/þ bÞ ¼ 0
ð6ÞwhereF r ¼ Ns cosð/þ bÞ  Q sinð/þ bÞ
F z ¼ Ns sinð/þ bÞ þ Q cosð/þ bÞ
ð7Þ
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membrane stress resultants per unit of undeformed length, Q is transverse shear stress resultant per unit of
undeformed length and Ms, Mu are meridional and circumferential bending stress couples per unit of unde-
formed length. The homogeneous equations of equilibrium in stretching (6)1,2 can be identically fulﬁlled by
expressing the membrane stress resultants in the terms of Airy’s stress function wF z ¼ 0; F r ¼ wr ; Nu ¼
dw
ds
ð8ÞBy (8)1,2 the meridional and transverse shear stress resultant (7) are reduced toNs ¼ wr cosð/þ bÞ; Q ¼ 
w
r
sinð/þ bÞ ð9Þand the equilibrium equation (6)3 can be written asdðrMsÞ
ds
Mu cosð/þ bÞ  ð1þ e/Þw sinð/þ bÞ ¼ 0 ð10Þ2.2. Constitutive equations
The set of equations will now be completed by constitutive relations. It is assumed that the materials are
linear elastic, obeying Hooke–Duhamel’s law and assuming that the Kirchhoﬀ–Love hypothesis of linear
strain distribution across shell thickness is valid (Librescu, 1975; Love, 1944). If in addition one selects the
position of reference surface from the internal surface at distanceh0 ¼ hð1ÞBð1Þ þ 2hð1ÞBð2Þ þ hð2ÞBð2Þ
2ðBð2Þ þ Bð2ÞÞ ð11Þthen the assumptions lead to the constitutive equations for stress resultants in the form (Librescu, 1975)Ns ¼ Bðes þ meuÞ  Cju  Bð1þ mÞa#
Nu ¼ Bðeu þ mesÞ  Cjs  Bð1þ mÞa#
ð12Þand the constitutive equations for stress couplesMs ¼ Dðjs þ mDjuÞ  Ceu þ P#
Mu ¼ Dðju þ mDjsÞ  Ces þ P#
ð13Þwhere # is the temperature diﬀerence from reference stress free state. The stiﬀness coeﬃcients B, C, D, P, re-
duced Poisson’s ratios m, mD and reduced coeﬃcient of thermal expansion a in (12) and (13) are deﬁned by the
thermo-mechanical properties of the materials as follows:B ¼ Bð1Þ þ Bð2Þ; C  hBð1ÞBð2Þ
2B
ðmð1Þ  mð2ÞÞ
D  h
2
ð1ÞBð1Þ þ h2ð2ÞBð2Þ
12
þ h
2Bð1ÞBð2Þ
4B
; P  hBð1ÞBð2Þ
2B
½ð1þ vð1ÞÞað1Þ  ð1þ vð2ÞÞað2Þ
m  mð1ÞBð1Þ þ mð2ÞBð2Þ
B
mD 
mð1ÞBð1Þ h
2
ð1ÞB
2 þ 3h2B2ð2Þ
 
þ mð2ÞBð2Þ h2ð2ÞB2 þ 3h2B2ð1Þ
 
12B2D
a  ð1þ vð1ÞÞað1ÞBð1Þ þ ð1þ vð2ÞÞað2ÞBð2Þð1þ mÞB
ð14ÞwhereBð1Þ  hð1ÞEð1Þ
1 m2ð1Þ
; B2  hð2ÞEð2Þ
1 m2ð2Þ
ð15Þ
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surface between layers, while Ren-Huai (1983) uses the present approach and further assumes that m(1) =
m(2) = m. In this case, the above constitutive equations are further simpliﬁed, since from (14)2, C = 0 and also,
from (15)5, mD = m. Consequently, the bending–stretching elastic coupling in the constitutive equations is elim-
inated and the bimetallic shells is reduced to an equivalent single-layer shell (Librescu, 1975). If in addition
hð1Þ ¼ hð2Þ ¼ h2, E(1) = E(2) = E then, from (11), one has h0 ¼ h2 and (14) is reduced toB ¼ hEð1 m2Þ ; C ¼ 0; D ¼
h3E
12ð1 m2Þ ; P ¼
h2E
12
ðað1Þ  að2ÞÞ; mD ¼ m a ¼ að1Þ þ að2Þ
2
ð16ÞNote that the order of the magnitude of stiﬀness quantities are B = O(Eh), C = O(Eh2), D = O(Eh3) and
P = O(aEh2), while m = O(1) and mD 6 m.
In what follows the partially inverted form of the constitutive equation will be required. From (12) the
deformations expressed in terms of stress resultants and bending strain measures arees ¼ Ns  mNuBð1 m2Þ þ
Cðju  mjsÞ
Bð1 m2Þ þ a#
eu ¼ Nu  mNsBð1 m2Þ þ
Cðjs  mjuÞ
Bð1 m2Þ þ a#
ð17ÞSubstituting (17) into (13) gives expressions for bending stress couples expressed in terms of stress resultants
and bending strain measuresMs ¼ D 1 C
2
BDð1 m2Þ
 
js þ D mD þ mC
2
BDð1 m2Þ
 
ju  CðNu  mNsÞBð1 m2Þ þ ðP  CaÞ#
Mu ¼ D mD þ mC
2
BDð1 m2Þ
 
js þ D 1 C
2
BDð1 m2Þ
 
ju  CðNs  mNuÞBð1 m2Þ þ ðQ CaÞ#
ð18Þ2.3. Shallow shell
Now the above equations will be adapted speciﬁcally for shallow shells, moderate rotations and small
strains. A shell is shallow and rotations are moderate ifj/j; jbj 6 d
and strains are small ifje1j; je2j 6 d2where d is a number small compared to unity (Librescu and Schmidt, 1988). Neglecting higher order terms of d
and noting that d
ds ¼ ddr drds ¼ cos/ ddr, from (1)
dr
ds
¼ 1þOðd2Þ; dz
dr
¼ /þOðd3Þ ð19ÞThe kinematic equations (2), the bending strain measures (4), the compatibility Eq. (5), the meridional and
transverse shear stress resultant (9), and the equilibrium equation (10) are approximated asdu
dr
¼ es  /b b
2
2
þOðd4Þ ð20Þ
dw
dr
¼ bþOðd3Þ
js ¼ db
dr
þOðd2Þ; ju ¼ br þOðd
3Þ ð21Þ
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dr
 es ¼ /b b
2
2
þOðd4Þ ð22Þ
Ns ¼ wr þOðd
2Þ; Q ¼ w
r
ð/þ bÞ þOðd3Þ ð23Þ
dðrMsÞ
dr
Mu ¼ wð/þ bÞ þOðd2Þ ð24Þ
Note that the deformations are of order d2 so (22) is approximated to order d4. In what follows the order term
will be omitted from the equations. Now, by substituting (17) into (22) and (18) into (24) and taking (21) and
(23) into account, one ﬁnds, after some algebraic manipulation, that the governing diﬀerential equations of the
problem for unknown b and w arer
d2w
dr2
þ dw
dr
 w
r
¼  1
2
Bð1 m2Þ 1 C
2
BDð1 m2Þ
 
bð2/þ bÞ  C
D
wð/þ bÞ
r
d2b
dr2
þ db
dr
 b
r
¼ 1
D
wð/þ bÞ  C
2D
bð2/þ bÞ
ð25ÞWhen m(1) = m(2) = m the system of Eq. (25) reduces to Wittrick’s equations (Wittrick, 1953, Eqs. (16) and (17)).
However, in general, case (25) diﬀers from Wittrick’s equations because Wittrick derived the expression for
tensions under no restrictions, while for bending moments he tacitly assumed the equality of Poisson’s ratios
(Wittrick, 1953, Eqs. (11) and (12)). Consequently in his Eq. (17) the last term in (25)2 is missing.
Once the system (25) is solved the axial displacement is calculated from (20)2w ¼
Z
bdz ð26ÞThe radial displacement is calculated from (3)2 as u = reu and from (20)1 the meridional strain can be ex-
pressed as es ¼ dudr þ 12b2 þ /b.
2.4. Boundary conditions
At any edge of a shell where r = a the boundary conditions can be the following:
• for a free boundary, the radial stress resultant Fr(a) = 0 or, equivalently, from (8)2, w(a) = 0 and the bend-
ing couple is Ms(a) = 0. So, from (18)1, for a free boundary the following conditions obtain:wðaÞ ¼ 0
1 C
2
BDð1 m2Þ
 
db
dr
ðaÞ þ mD þ m C
2
BDð1 m2Þ
 
bðaÞ
a
 C
BDð1 m2Þ
dw
dr
ðaÞ þ ðP  CaÞ
D
# ¼ 0 ð27Þ• for a simply supported boundary, the radial displacement u(a) = 0 or, equivalently, from (3)2, eu(a) = 0 and
the bending couple is Ms(a) = 0. Thus from (17)2 and (18)1 for a simply supported boundary one hasdw
dr
ðaÞ  m wðaÞ
a
þ C db
dr
ðaÞ  m bðaÞ
a
 
þ Bð1 m2Þa# ¼ 0
1 C
2
BDð1 m2Þ
 
db
dr
ðaÞ þ mD þ m C
2
BDð1 m2Þ
 
bðaÞ
a
 C
BDð1 m2Þ
dw
dr
ðaÞ  m wðaÞ
a
 
þ ðP  CaÞ
D
# ¼ 0
ð28Þ
• for a clamped (ﬁxed) boundary, the radial displacement u(a) = 0 or, equivalently, eu(a) = 0 and rotation
b(a) = 0. Again, from (17)2, at a ﬁxed boundary one hasbðaÞ ¼ 0
dw
dr
ðaÞ  m wðaÞ
a
þ C db
dr
ðaÞ þ Bð1 m2Þa# ¼ 0 ð29ÞFor a closed shell the rotation b and stress function w must be bounded at r = 0.
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The governing equations are made dimensionless by the following dimensionless variables:r  r
r0
; z  z
z0
; /  /
/0
; #  #
#0
u  u
r0
; w  w
z0
; b  b
/0
; w  w
w0
; M  M
M0
ð30Þwhere r0, z0, /0, w0,M0, #0 are the reference values of the corresponding variables. Substituting (30) into gov-
erning equations and selecting reference radius r0 and height z0 as independent reference values one ﬁnds the
other reference values to be/0 
z0
r0
; w0 
z20
2r0
Bð1 m2Þ; M0  Dz0r20
; #0  2D 1þ mDð ÞðP  CaÞ
z0
r20
ð31ÞIn what follows, for r0 and z0 the shell’s outer radius R0 and overall height H0 will be selected. By this r and z
coordinates are normalized; i.e., r 2 [0, 1] and z 2 [0, 1]. Also it will be assumed that #0 > 0, implying that
a2 < a1.
Now, if the following non-dimensional parameters are deﬁned:x  H 0
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Bð1 m2Þ
D
r
; c  Cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
BDð1 m2Þp ; s 
4aDð1þ mDÞ
H 0ðP  CaÞ ð32Þthen by introducing (30) into (25) and using (31) the governing equations can be written in the following non-
dimensional form:r
d2w
dr2
þ dw
dr
 w
r
¼ ð1 c2Þbð2/þ bÞ  2cxwð/þ bÞ
r
d2b
dr2
þ db
dr
 b
r
¼ 2x2wð/þ bÞ  cxbð2/þ bÞ
ð33Þwhere here and what follows the stars are dropped from equations. The corresponding non-dimensional form
of boundary conditions Eqs. (27)–(29) are
• for a free edgewðaÞ ¼ 0
ð1 c2Þ db
dr
ðaÞ þ ðmD þ mc2Þ bðaÞa  cx
dw
dr
ðaÞ þ 2ð1þ mDÞ# ¼ 0
ð34Þ• for a simply supported boundarydw
dr
ðaÞ  m wðaÞ
a
þ c
x
db
dr
ðaÞ  m bðaÞ
a
 
þ s# ¼ 0
ð1 c2Þ db
dr
ðaÞ þ ðmD þ mc2Þ bðaÞa  cx
dw
dr
ðaÞ  m wðaÞ
a
 
þ 2ð1þ mDÞ# ¼ 0
ð35Þ• and for a clamped (ﬁxed) boundarybðaÞ ¼ 0
dw
dr
ðaÞ  m wðaÞ
a
þ c
x
db
dr
ðaÞ þ s# ¼ 0
ð36ÞBefore continuing, note that there are two parameters x and c in diﬀerential equations (33) which are not
dependent on the thermal properties of the layers. The parameter c depends solely on mechanical properties
of layers and in addition x depends also on a shell height H0. The order of magnitude of these parameters are
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ply supported boundary also s (cf. (34) and (35)) which is of order s = O(h/H0). In a ﬁxed boundary condition
there are also two additional parameters, m, s (cf. (36)). Because all these parameters are determined by seven
material parameters (14) each solution has theoretically inﬁnite material realizations. Thus for given shell
thickness, elastic properties of material and x the height of shell is, from (32)1, given byH 0 ¼ 2x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D
Bð1 m2Þ
s
ð37ÞIf instead of coeﬃcients of thermal expansion of layers parameter s is given, then the corresponding ratio of
coeﬃcients of thermal expansion can be, as follows from (32)3 and (14), calculated byað2Þ
að1Þ
¼ ð1þ mð1ÞÞBð1Þ½H 0sðð1þ mÞhBð2Þ  2CÞ  8ð1þ mDÞDð1þ mð2ÞÞBð2Þ½H 0sðð1þ mÞhBð1Þ þ 2CÞ þ 8ð1þ mDÞD ð38ÞNote that if the ratio of coeﬃcients of thermal expansion is positive then the value of s has a lower limit.
Eq. (33) and boundary conditions (34)–(36) simplify considerably when Poisson’s ratio is the same for both
layers; i.e., m(1) = m(2) = m. Further, from (16), m = mD, C = 0, so also c = 0. Only parameters x, m and s remain
in the equations. If in addition h(1) = h(2) and E(1) = E(2), then (32) simpliﬁes tox ¼ H 0
h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1 m2Þ
p
; s ¼ 4ðað1Þ þ að2ÞÞ
3ðað1Þ  að2ÞÞ
h
H 0
ð39ÞIn this case it is more convenient to use instead of x and s the ratios H0/h and a(2)/a(1) as parameters. When
a(2)/a(1) ! 0 parameter s has a lower limit s = 4h/3H0. The corresponding reference temperature is from (31)3
(Wittrick, 1953)#0 ¼ 4h
3ðað1Þ  að2ÞÞ
H 0
R20
ð40Þ3. Shallow spherical shell
The geometry of a spherical shell or spherical cup is shown in Fig. 2 and it is described by the following
equations:r ¼ R sin/; z ¼ Rð1 cos/Þ; R ¼ R
2
0 þ H 20
2H 0
ð41ÞFig. 2. Geometry of a spherical shell.
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 2
, consequently, from (19)2, / ¼ 2H0R2
0
r. By selecting reference
radius and height as r0 = R0 and z0 = H0 the axial coordinate and the tangent angle arez ¼ r2 and / ¼ 2r ð42Þ
where r 2 [0,1] and z 2 [0,1]. From (42), Eq. (33) is reduced tor
d2w
dr2
þ dw
dr
 w
r
¼ ð1 c2Þbð4r þ bÞ  2cxwð2r þ bÞ
r
d2b
dr2
þ db
dr
 b
r
¼ 2x2wð2r þ bÞ  cxbð4r þ bÞ
ð43ÞThe form of boundary conditions (34)–(36) remains unchanged because they do not contain /. In what fol-
lows the two simple solutions of (43) the stress free state and the ﬂat state and their correspondent perturbated
states, will be studied in detail. Note that the ﬂat state is also discussed by Wittrick (1953) for the special case
c = 0. In contrast to Wittrick, who used the series method of integration of the resulting diﬀerential equation
(actually he noted that they cannot be integrated in the closed form), in this paper they are integrated in terms
of special functions.
3.1. Stress free state
For the stress free state of a shell, w = 0. Consequently (43) is further reduced tobð4r þ bÞ ¼ 0; r d
2b
dr2
þ db
dr
 b
r
¼ 0 ð44ÞThe solution of (44)1 is either b = 0 or b = 4r and both possibilities also solve the second equation. Now for
solution b = 0, it follows from all three types of boundary conditions (34)–(36), that the temperature must be
zero; i.e., # = 0. This solution is thus the initial stress free state.
The solution b = 4r is incompatible for a ﬁxed edge (36) since one has the contradiction b(1) = 45 0.
For a free edge and a simply supported boundary condition (34)2 and (35)2 gives the temperature# ¼ 2 1 c2 1 m
1þ mD
 
ð45Þwhich in special case c = 0 reduce to # = 2; while for a free edge there are no other conditions, so this state can
be realized for a simply supported edge, additional condition (35)1 implying that the solution is only possible
for s ¼ cð1m2Þx½1þmDc2ð1mÞ. By integrating (26) with condition w(0) = 0 one ﬁnds that the axial displacement is
w = 2r2 so the deformed shell equation is z+ = z. In other words, the shell in this case is turned inside out.
The initial direction of axial displacement when the shell is heated will now be investigated in more detail in
order to decide when buckling of the shell is possible. At initial state w and b are taken to be small so one can
approximate (43) asr2
d2~w
dr2
þ r d
~w
dr
 ð1 4cxr2Þ~w ¼ 4ð1 c2Þr2~b
r2
d2~b
dr2
þ r d
~b
dr
 ð1 4cxr2Þ~b ¼ 4x2r2~w
ð46Þwhere ~b and ~w are perturbated values. The solution of (46), bounded at r = 0, is~w ¼ i^
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
x
½C1J 1ð-rÞ  C2J 1ð-rÞ
~b ¼ C1J 1ð-rÞ þ C2J 1ð-rÞ
ð47Þwhere-  2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x c2 þ i^
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p r
; -  2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x c2  i^
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p r
ð48Þ
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of the ﬁrst kind and i^ ¼ ﬃﬃﬃﬃﬃﬃ1p . Substituting b from (47) into (26) and integrating from 0 to 1 by taking w(0) = 0
yields displacement of the shell edgeTable
Calcul
shallow
m
0
0.10
0.20
0.30
0.40
0.50w ¼ 1
2
ﬃﬃﬃﬃ
x
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cþ i^
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
pq
C1½J 0ð-Þ  1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c i^
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
pq
C2½J 0ð-Þ  1
	 

ð49ÞThe integration constants can be calculated from the boundary conditions. Once they are found, the behavior
of the shell can be determined from the sign of derivative dw
d#
. Upon heating, the negative value indicates that
the overall shell height is lowering while positive values indicate that the height of the shell is rising. Only the
ﬁrst case can lead to thermal instability. In what follows the details of calculation will be omitted since they
lead to complex expressions. Only the results will be discussed.
It can be shown that for a free edge the derivative dw
d#
is negative for all values of x. For a large x it
approaches zero and when x approaches zero its limit value is limx!0 dwd# ¼  1þmD1þmDþc2ð1mÞ. In the special case
c = 0 the limit value is 1. Thus the overall height of a shell with a free edge will always lower when heated,
so in this case one can expect thermal buckling.
For a simply supported edge, the derivative dw
d#
approaches zero from the positive side for a large x and
when x approaches zero the limit value is limx!0 dwd# ¼  1þmD1þmDþmc2. Again, for c = 0 the limit has value 1. From
this it follows that if x is suﬃciently small, overall shell height lowers upon heating, so only in this case can
one possibly expect a thermal buckling. Some values of the upper limit of x for which the shell lowers upon
heating are for various values of s and various values of m(1) = m(2) = m given in Table 1. In Fig. 2, the curve of
limit values are present for the case m = 0.3. For the case h(1) = h(2) and E(1) = E(2) the intersection points of
curve s = 4h/3H0, which is the lower limit for condition a(2)/a(1)P 0, with the curve giving the limit value for
x are presented in Table 2. In Fig. 2, these points correspond to point A. Also in the table the values of H0/h,
calculated from (39)1, are given. It is seen from this table that shell height will lower upon heating for a very
shallow shell.
For a clamped edge the sign of dw
d#
is the same as the sign of s and in addition it turns out that limx!0 dwd# ¼ 0.
From the assumption that a2 < a1 it follows that s > 0, so on heating the height of the shell always rises and as
such it cannot lead to thermal instability. Note that Aggarwala and Saibel (1970) arrived at the same
conclusion.3.2. Flat state
Another simple solution of (43) isb ¼ 2r ð50ÞFor this solution the axial displacement is, from (26), w = r2, and consequently z+ = 0; i.e., the shell is ﬂat.
Substituting the solution into (43) one ﬁnds that1
ated limit value of x for lowering the overall shell height upon heating for various values of s and various values of m(1) = m(2) = m for
spherical cup with a simply supported edge
s
0 1 10
3.797893 1.190496 0.3974081
3.563092 1.167541 0.3913205
3.323885 1.133629 0.3814343
3.077912 1.088630 0.3676723
2.822163 1.031949 0.3497997
2.552512 0.962353 0.3273635
Table 2
Intersection values of limit curve for shallow spherical cup with simply supported edge for m(1) = m(2) = m with curve s ¼ 4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1m2Þ
p
3x and the
corresponding values of H0/h for the case h(1) = h(2) and E(1) = E(2)
m x s H0/h
0 0.567442 4.06984 0.327613
0.10 0.558616 4.11343 0.324142
0.20 0.544310 4.15710 0.320738
0.30 0.524432 4.20079 0.317401
0.40 0.498662 4.24456 0.314128
0.50 0.466379 4.28835 0.310919
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d2w
dr2
þ r dw
dr
 w ¼ ð1 c2Þ4r3; 0 ¼ 4cxr3 ð51ÞIf the second of (51) is to be satisﬁed for any r and x then c = 0; i.e., m(1) = m(2) = m. For this case the solution of
the ﬁrst Eq. (51) which is bounded at r = 0 isw ¼ C1r þ r
3
2
ð52Þwhere C1 is the integration constant, which will be, together with temperature #, determined from each of the
boundary conditions. To study the behavior of the shell in the ﬂat state, the perturbated solution b ¼ 2r þ ~b,
where ~b, is small is introduced into the second equation of (43). Neglecting higher order powers of ~b one
obtainsr2
d2~b
dr2
þ r d
~b
dr
 ð1þ 2C1x2r2 þ x2r4Þ~b ¼ 0 ð53ÞThe solution of (53) which is bounded at r = 0 is~b ¼ C2
r
MxC12 ;12
ðxr2Þ ð54ÞwhereMl,m(x) is the Whittaker function and C2 the integration constant. For both a free edge and simply sup-
ported edge the boundary conditions (34)2 and (35)2 becomed~b
dr
ð1Þ þ m~bð1Þ ¼ 0 ð55ÞSubstituting (54) into (55) yields½ð1þ C1Þxþ m 1MxC12 ;12ðxÞ þ ð2 xC1ÞM1xC12 ;12ðxÞ ¼ 0 ð56ÞOnce C1 is given one can from this equation calculate critical value of x for which the ﬂat state become insta-
ble. The free and simply supported edge will now be discussed separately.
For a free boundary it follows from (34), (50) and (52) that the integration constant and temperature at
which the shell become ﬂat areC1 ¼  1
2
; # ¼ 1 ð57ÞFrom (56) the critical value of x can be calculated, which depends only on the values of m. Results of the cal-
culation of various m values are presented in Table 3. Parameter x is diﬀerent from the parameter / proposed
Table 3
Calculated critical value of x for various values of m(1) = m(2) = m for shallow spherical cup with free edge and the corresponding values of
H0/h for the case h(1) = h(2) and E(1) = E(2)
m x H0/h
0 2.884625733 1.665439443
0.10 2.976432846 1.727101510
0.20 3.059534924 1.802848243
0.25 3.098200841 1.847410050
0.30 3.135116598 1.897458883
0.33 3.158812017 1.931968016
0.40 3.204147429 2.018423157
0.50 3.267431777 2.178287851
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and m = 0.33 the values / = 8.76304 and / = 8.92786, which compare to Wittrick’s / = 8.76 and / = 8.93.
For a simply supported edge boundary condition, from (35), (50) and (52), the integration constant and
temperature areTable
Interse
corresp
m
0
0.10
0.20
0.30
0.40
0.50
Table
Calcul
and ca
ch
0.5
1
2C1 ¼ ð3 mþ 2sÞ
2ð1 mÞ ; # ¼ 1 ð58ÞThe critical value of x, which can be calculated from (56), depends on m and, unlike with the free edge, also on
s. It turns out that the curve of critical values in (x,s) plane intersect with the curve of limiting values for
which the shell is still lower at heating. The intersection points are given for various values of m together with
the corresponding values of H0/h and a(2)/a(1), calculated from (39), in Table 4. Examples of calculated values
of H0/h for the case E(1) = E(2), m(1) = m(2) = m and for various values of h(2)/h(1) and a(2)/a(1) are given in Table
5. The example of the curve of critical values for m = 0.3 are shown in Fig. 3. In the ﬁgure the intersection point
is marked as point C. It is seen from the ﬁgure that in the case h(1) = h(2) and E(1) = E(2) the condition s > 4h/
3H0 further reduces the critical values of x to a very narrow interval between points C and B.4
ction values of limit curve and critical curve for shallow spherical cup with simply supported edge for m(1) = m(2) = m and the
onding values of H0/h and a(2)/a(1) for the case h(1) = h(2) and E(1) = E(2)
x s H0/h a(2)/a(1)
0.298916 17.775974 0.172579 0.394091
0.307602 16.271217 0.178489 0.370708
0.312182 15.003197 0.183955 0.348521
0.312374 13.915815 0.189058 0.327317
0.307752 12.968950 0.193865 0.306921
0.297658 12.133140 0.198439 0.287181
5
atedH0/h for shallow spherical cupwith simply supported edge for the caseE(1) = E(2), m(1) = m(2) = m for various values of ch = h(2)/h(1)
= a(2)/a(1)
m = 0.25 m = 0.3
ca = 0.0 ca = 0.25 ca = 0.5 ca = 0.0 ca = 0.25 ca = 0.5
0.36761 0.23541 – 0.36609 0.23395 0.12919
0.31906 0.21925 – 0.31740 0.21782 0.12974
0.23541 – – 0.23395 0.16740 0.10481
Fig. 3. Curve of critical values, limit values and s ¼ 4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1m2Þ
p
3x for a shell with simply supported edge for m(1) = m(2) = 0.3.
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The above calculations provide an answer to the question as to when thermal instability is possible and
what the critical values of initial height when instability is reached are. To obtain further information regard-
ing buckling temperature and snap distance the (43) must be solved and the diagram H/H0 = f(#), where H is
shell height, must be constructed. For this the system of non-linear equations (43) with appropriate boundary
conditions must be solved. Wittrick (1953) used the series method which leads to a system of non-linear alge-
braic equations; however it turns out that the method has a limited radius of convergence. For example, for a
closed shallow spherical shell with a free edge the method converges for approximately x < 5.
In this paper, the collocation method and subroutine colnew is used for calculations (Ascher et al., 1995).
To use this method the following unknowns are introduced:z1 ¼ w; z2 ¼ dw
dr
; z3 ¼ b; z4 ¼ db
dr
; z5 ¼ w; z6 ¼ # ð59ÞWith new unknowns deﬁned by (59), Eqs. (43) and (26) that must be solved are written in the form of the
system of four ﬁrst order equationsdz2
dr
¼ z1
r2
 z2
r
 ð1 c
2Þð2/z3 þ z23Þ þ 2cxz1ð/þ z3Þ
r
dz4
dr
¼ z3
r2
 z4
r
þ 2x
2z1ð/þ z3Þ  cxð2/z3 þ z23Þ
r
dz5
dr
¼ z3
dz6
dr
¼ 0
ð60ÞNote that the last equation expresses the fact that the temperature is constant for a given w and it is introduced
in the system to simplify the solution when turning points are presented in the diagram H/H0 = f(#).
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• for a free edgez1ðaÞ ¼ 0
ð1 c2Þz4ðaÞ þ ðmD þ mc2Þ z3ðaÞa  cxz2ðaÞ þ 2ð1þ mDÞz6ðaÞ ¼ 0
ð61Þ• for a simply supported boundaryz2ðaÞ  m z1ðaÞa þ
c
x
z4ðaÞ  m z3ðaÞa
 
þ sz6ðaÞ ¼ 0
ð1 c2Þz4ðaÞ þ ðmD þ mc2Þ z3ðaÞa  cx z2ðaÞ  m
z1ðaÞ
a
 
þ 2ð1þ mDÞz6ðaÞ ¼ 0
ð62ÞFor a closed shell, at r = 0, because of its symmetry, the condition is dw
dr ¼ dbdr ¼ w ¼ 0 so, from (59),z2ð0Þ ¼ z4ð0Þ ¼ z5ð0Þ ¼ 0 ð63ÞThe last boundary condition necessary is the shell outer edge axial displacement which is, for given H, ex-
pressed asz5ð1Þ ¼ 1 H=H 0 ð64ÞThe solution of system (60) for a given boundary condition andH/H0 gives the desired relation # = f
1(H/H0).
The computer program was written on the basis of the above equations. For calculation of / the special rou-
tine is provided so the program is easily adapted for various shell shapes. As input to the program the follow-
ing ratios are used:ch ¼ hð2Þhð1Þ ; cE ¼
Eð2Þ
Eð1Þ
; ca ¼ að2Það1Þ ; f0 ¼
H 0
h
ð65ÞAll calculations were performed with an error tolerance 107 for all variables. In what follows some examples
will be discussed.
In Fig. 4, variations of shell height with temperatures for various values of f0 for a free boundary and
selected material parameters are shown. The critical value of f0 was taken from Table 3. Shapes of diagrams
match those given by Wittrick (1953), though the diagrams for f0 = 4 and f0 = 5 cannot be obtained by the
series method used by Wittrick because the series solution fails to converge. In Fig. 5, the associated buckling
temperature and snapping distance are shown, obtained on the basis of diagrams from Fig. 4.
In Fig. 6, the eﬀect of the variations of Poisson’s ratio on the solution for f0 = 3 is shown. The correspon-
dent values of c for cases m(1)5 m(2) in the ﬁgure are c = ±0.1165. It is seen that this variation aﬀects both
buckling temperature and snapping distance up to about 10%.
In Fig. 7, the variations of shell height with temperatures for various values of f0 for a simply supported
boundary and selected material parameters are shown. The critical value of f0 = 0.21782 was taken from
Table 5 and the limit value f0 = 0.22281 is calculated from (56). It is seen from this ﬁgure that the buckling
temperature is very sensitive to the variation of f0 and in contrast to free edge buckling the temperatures cover
a relatively narrow interval. It is also seen by contrast that free edge buckling temperatures upon heating and
cooling are not symmetrical.
To further demonstrate the proposed numerical method the shallow spherical shell with a circular hole with
radius R1 at the apex was considered (Fig. 8a). Results of calculated variations of height with temperatures for
various values of an inner radius are shown in Fig. 10. For purposes of calculation, the equation of an open
Fig. 6. Variation of height with temperature for free shallow spherical cup (H0/h = 3.0).
Fig. 4. Variation of height with temperature for free shallow spherical cup for various values of H0/h.
Fig. 5. Buckling temperature and snapping distance for free shallow spherical cup.
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Fig. 7. Variation of height with temperature for simply supported shallow spherical cup for various values of H0/h.
Fig. 8. Geometry of (a) open spherical shell, (b) conical shell and (c) cubic shell.
Fig. 9. Variation of height with temperature for open shallow spherical shell for various values of inner radius.
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1r2
1
, where r1 = R1/R0 is the hole radius. To compare, the calculated critical
temperature was normalized to that of a closed shallow shell; i.e., the calculated temperature was multiplied by
the factor 1 r21. It is seen from Fig. 9 that the presence of a hole raises the buckling temperature.
The extension of the method to other shapes of shell is straightforward. In Fig. 10 the variations of height
with temperatures for a free closed shallow conical shell (Fig. 8b) for various values of f0 is shown and in
Fig. 10. Variation of height with temperature for free closed shallow conical shell for various values of H0/h.
Fig. 11. Buckling temperature dependent on H0/h for free closed shallow conical shell.
Fig. 12. Variation of height with temperature for free closed shallow cubic shell for various values of H0/h.
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464 M. Batista, F. Kosel / International Journal of Solids and Structures 44 (2007) 447–464Fig. 11 only the buckling temperature as a function of f0 is shown. For the case of a free shallow cubic shell
(Fig. 8c) with the equation z = r2(3  2r) no buckling was detected. The example of calculated variation of
height with temperature for this kind of shell is shown in Fig. 12.
5. Conclusions
The general equations for treating thermoelastic stability of rotational shallow shells were derived where no
restriction on material parameters are imposed. The equations were specially adapted for the case of spherical
shells. It was shown that the perturbated initial state and perturbated ﬂat state lead to diﬀerential equations
which have analytical solutions. For the construction of temperature–deﬂection diagrams the collocation
method was found to be very eﬀective. The method was easily extended to the case of a shallow spherical shell
with a hole at the apex and also conical and cubic shallow shells. The results are comparable with those
obtained by other authors.
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